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Abstract 

We rewrite Arthur's asymptotic formula for weighted orbital inte- 
grals on real groups with the aid of a residue calculus and extend the 
resulting formula to the Schwartz space. Then we extract the available 
information about the coefficients in the decomposition of the Fourier 
transforms of Arthur's invariant distributions I Mil) in terms of stan- 
dard solutions of the pertinent holonomic system of differential equa- 
tions. This allows us to determine some of those coefficients explicitly. 
Finally, we prove descent formulas for those differential equations, for 
their standard solutions and for the aforementioned coefficients, which 
reduce each of them to the case that 7 is elliptic in M. 

Introduction 

Weighted orbital integrals are the local contributions to the geometric side of 
the Arthur- Selberg trace formula. They are defined for connected reductive 
linear algebraic groups G over a local field F. A weighted orbital integral is 
a certain distribution supported on a conjugacy class {x~^7x | x G G{F)} in 
the group G[F) of F-rational points and depends on a Levi M-subgroup M 
of G containing 7. Its value on a test function / is denoted JMil,/), and 
it is tempered in the sense that it extends to continuous linear functionals 
on Harish-Chandra's Schwartz space C{G) of rapidly decreasing functions 
on G'(M). The precise definition will be recalled in the section [H This paper 
is a contribution to the calculation of the Fourier transform of weighted 
orbital integrals. For a survey of this subject we refer to [T5]. It is important 
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for certain applications of the trace formula, e. g., for the determination of 
Gamma factors of zeta functions of Selberg type. 

We first recall the notion of invariant Fourier transform. Let ntemp(G') the 
set of equivalence classes of irreducible tempered representations vr of (^(R). 
Temperedness means that 

vr(/)= / f{g>{g)dg 
Jg{r) 

is well defined and bounded for / G C{G), where we have fixed a Haar 
measure dg on G(]R). The character tr7r(/) is then a tempered distribution 
(evaluated at the test function /) that determines the class of vr. For fixed 
/, it can be viewed as a function / on ntemp(G). We denote the image of the 
space C{G) under this invariant Fourier transform by T{G). By definition, a 
tempered distribution I : C{G) C has the Fourier transform / : 1{G) C 
if 

Kf) = m 

for all / G C{G). It is then necessarily invariant under inner automorphisms 
of G(M). 

The weighted orbital integral JM{l,f) is non- invariant unless M = G, 
as are the weighted characters (puij^, f) for n G ntcmp(^) that are the local 
contributions to the spectral side of the trace formula. Starting from these 
two families of distributions, Arthur has constructed in [2] tempered invari- 
ant distributions /m(7,/) and used them to reformulate the trace formula 
in invariant form. It is these distributions for regular semisimple 7 whose 
Fourier transforms we are actually interested in. Since our methods involve 
differential equations, we consider the groundfield F = M only. 

In order to describe the Fourier transform, one needs a description of the 
tempered dual ntemp(G) together with the space X(G) of functions on it. A 
Levi subgroup L of G is by definition a Levi component of a parabolic sub- 
group P of G. Starting from a tempered representation a of one can 
produce a tempered representation of G(R) using pull-back under the natural 
homomorphism P ^ L followed by induction. For generic a, this yields an ir- 
reducible representation o"*^. Every tempered representation is a direct sum- 
mand of a representation induced from a square-integrable representation, 
and most of ntemp(G') is covered by the ranges of the sets 112 (L) of equiva- 
lence classes of square-integrable irreducible representations under induction. 
Moreover, the group of unramified tempered characters L(]R) —>■ U{1) (i. e.. 
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characters factoring through R_|_) acts freely on 112 (L) and provides it with 
the structure of a smooth manifold (in fact, a union of Euclidean spaces) 
such that = f{cr^) extends to a Schwartz function invariant under a 

Weyl group Wl- 

The description of I is complicated by the reducibility of induced repre- 
sentations. As a remedy, Arthur has introduced in [7j the set Ttemp{G) con- 
sisting of virtual tempered characters, which are certain linear combinations 
of the (characters of the) constituents of a single induced representations. 
One defines induction Ttemp(-Z^) ^temp(G) in the obvious way and defines 
the set Teii(G) of elliptic elements as those which are not induced from a 
proper Levi subgroup. This is again a union of Euclidean spaces, and X can 
be identified with a direct sum of M/^- invariant Schwartz spaces on Teii(L) 
over all Levi subgroups up to conjugacy. 

It turns out that the Fourier transform of Im{i) of Im{i) is a measure 
whose atoms modulo iaQ are always contained in a certain subset Tdisc(G) 
that can be larger than Ttemp(G'). Using the local trace formula, Arthur has 
proved in [8] that 

for suitable smooth functions $m,L; where runs through I{G) and the 
measure dr is invariant under m^. 

Weighted orbital integrals as well as the distributions Im{,i) satisfy a 
system of linear differential equations as functions of 7 running through the 
regular points in a maximal torus T of G. This translates into a system 
of differential equations satisfied by the Fourier transforms $m,l- It has 
been proved in [H] that there is a basis of standard solutions on certain 
sectors depending on a parabolic subgroup P that are characterised by their 
asymptotic exponents yU G t* as 7 ^ 00. It follows that, roughly speaking, 

$M,L(7,r) = E E 

fj. sdm 

where S runs through the Levi subgroups containing M and fi runs through 
the parameters of the infinitesimal character of r, which is assumed to be 
regular in a suitable sense. In order to determine the coefficients c as func- 
tions of /i and r, one has to study the asymptotics of both sides as 7 tends 
to infinity and to the singular set in T(M). 
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Arthur has proved in [TT] an asymptotic formula for the distributions 
luiriif)- This is somewhat subtle because just moving 7 would give zero 
tautologically. This one has to modify / with the aid of a Schwartz multiplier 
at the same time. For Arthur's purposes of endoscopy, it was sufficient to 
work with test functions / in the Hecke algebra. The answer was given by 
a contour integral in the complexified set T(M) that avoids the poles of the 
intertwining operators on Ttemp(^)- He has sketched an argument to prove 
the existence of the limit for Schwartz functions / G C{G) that we take for 
granted. 

Our aim in this paper is to convert the asymptotic formula into an ex- 
pression that makes sense for Schwartz functions. This is done by shifting 
the contours of integration to the subset Ttemp(^) and taking care of the 
poles of the integrand by a suitable residue calculus. Next we study the 
asymptotics under the action of the multiplier on the expression in terms of 
$M,L- As a result, we get a formula for those coefficients Cg^(/x) for which 
7^^ is not decreasing on the sector corresponding to P. In order to determine 
the remaining coefficients, one would have to know the asymptotics of the 
standard solutions at the singular set, which are not yet available in 
general. 

It is known that the distributions /a/ (7) satisfy descent formulas, which 
reduce their study to the case that 7 is elliptic in M. We prove similar 
descent formulas for the differential equations, their standard solutions 
and the coefficients i- As an application, we obtain an explicit formula for 
^T.Ti where T is a split maximal torus, which was announced in [15] . 

This work was supported by the German Research Council (DFG), within 
the CRC 701. 

1 Weighted orbital integrals and invariant dis- 
tributions 

If G is a connected reductive linear algebraic group defined over R, we write 
Og for the real Lie algebra of the largest M-split torus in the centre of G. This 
is the only exception from our general rule to denote the complex Lie algebra 
of any algebraic group by the corresponding lower-case gothic letter. We 
have a natural homomorphism Hq '■ G'(M) Og such that Hg{q^vH) = H 
for H G ac- For every A G a^^ and tt G n(G'), we set ixxig) = 'K{g)e^^^(^^^^\ 
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Every parabolic M-subgroup P of G has a Levi decomposition P = MN, 
where is the unipotent radical of P and M is a connected reductive R- 
group just like G. The set of roots of in N will be denoted by Sp and 
the subset of reduced roots by Ep. We fix a maximal compact subgroup K 
of G{R); then G(R) = P(R)K. Writing Hp{mnk) = HM{m) for m e M(M), 
n G iV(M) and k E K, we obtain a continuous map Hp : G'(]R) — > Om- 

The set V{M) of parabolic M-subgroups P with given Levi component M 
is in bijection with set of chambers ap = {H G : a{H) > for a G Ep}. 
For every x G G(]R), consider the following volume of a convex hull in = 

t;Af(x) = vol„G conv{-ifp(x) : P G P(M)}. (1) 

This function is left M-invariant, because Hp{mx) = HM{m) + Hp{x). 

For / in the Schwartz space C{G) of rapidly decreasing L^-functions 
on G(R) and for 7 G M(R) such that the centralizer G^ of 7 in G is contained 
in M, the weighted orbital integral is defined as 

Jm(7,/) = 1^(7)1'/' / f{x~'jx)vM{x)dx, 

where -D(7) is the usual Weyl discriminant. Here we have fixed an invariant 
measure on G^(R)\G(R). 

It has been shown ([2], Lemma 8.1) that the integral converges and defines 
a tempered distribution Jm{i) on G(R), i.e., a continuous linear functional 
on C(G). Note that vg is constant equal to 1, so that Jg{.i) is the ordi- 
nary (unweighted) orbital integral. This is the only case in which Jm{i) is 
invariant (under inner automorphisms). 

The characteristic function of the convex hull in ([T]) can be written as 
an alternating sum of characteristic functions of simplicial cones indexed by 
the elements of V{M). Their Fourier transforms as functions of A G 
converge for Re A in a certain chamber of aM, and in the limit one obtains 

.M(x) = lim )^ (2) 
PeV{M) ^ ' 

where ^p is the suitably normalized product of the linear functions defining 
the walls of ^Op, which is the dual cone of the chamber Op. 

For P G V{M\ 71 G ntemp(^) and A G a^^c, we realise the parabolically 
induced representation 2p{ttx) in the compact picture, i. e. in a space of 
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functions on our fixed maximal compact subgroup K that is independent 
of A. Given a second parabolic P' G V{M), the Knapp-Stein intertwining 
operators Jp'\p{nx) from Xp^TCx) to Xp/{7i\) is defined on i^'-finite vectors by 
a convergent integral for Re A in a certain chamber and extends meromor- 
phically to all A. The partial Plancherel densities fip'\p are defined by 

f^P'\p{'^x)Jp\P'{TT\)Jp'\p{lTx) = Id. 

If P and P' are adjacent, i. e. when Sp,|p = Sp/ H consists of a single 
element a, we write ^p'\p{n) = yUa(7r), so that in general 

It is known that Haij^x) as a function of A G aM,c depends only on A (a). 

One can choose normalising factors rp/|p (see [8]) such that the intertwin- 
ing operators 

Rp'\p{'Kx) = rpi\p{'nxY^Jp'\p{T^\) 

have no poles for ReA = and satisfy, among other properties, an unre- 
stricted transitivity. One has the (G, M) family 

7^p.(A,7^,P) = Rp,\p{T:Y^Rp,\p{Tix), P' e P(M), 
which in analogy to ([1]) gives rise to the limit 

7^p/(A,7r,P) 



7^A/(7^,P) = lim V 



Op'ix) ■ 

p'eV{M) ^ ' 

Although 7?.Af(7r,P) is a priori only defined on f^-finite vectors, and the 
weighted character 

0;,(/,7r)=tr(Ind^(7^,/)7^M(7r,P)) 

only for / in the Hecke algebra 7i(G), one can show ([8], p. 175) that it 
extends to / G C[G) and provides a continuous map 

0;,:C(G)^X(M). 

It follows from the transitivity and the intertwining property of Rp'\p that 
is independent of P G V{M), as the notation suggests. By definition, we 
have 
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There is a canonical choice for the normahsing factors rpi\p in terms of 
local L-factors (see [1]), but in the analogous p-adic case they are not yet 
available. In order to make the normalisation universally canonic, rewrite 

7^p.(A, 71, P) = rp,(A, 77, Py'jpiX, TT, P) 

in terms of the {G, M) families 

Jp>{X,7T,P) = Jp'|p(7r)"Vp/|p(7rA), 

rp/(A,7r,P) = rp/|p(7r)"Vp/|p(7rA), 

which are defined as meromorphic functions on a^^^ for generic it. Arthur 
has defined in [TU] the {G, M) family 

mp'{\,n,P) = /ip'|p(7r)/ip/|p(7rA/2)"^ 

that can replace rpi{X,7c, P) and gives rise to canonical weighted characters 
0Af(/)7r). Note that for these {G,M) families we have limits rA/('7r, P) and 
mM{T^) P) in analogy to ([1]). 

The invariant distributions that are the building blocks of the geometric 
side of the trace formula are characterised as follows (see |2], section 10, 
and |S|, (3.5)). For all triples (G,M, 7), where G is a connected reductive 
M-group, M its Levi M-subgroup and 7 G M(M) such that C M, there 
are invariant tempered distributions Im{,i) = I Mil) G(M) such that 

Ml,f)= E ^m(7,0l(/)), 

LeC{M) 

where C{M) denotes the set of all Levi subgroups of G containing M. Of 
course, there is also a version /J,/ (7) characterised by 

L£C{M) 

2 The discrete part of the tempered dual 

Recall that the tempered dual ntemp(G) is exhausted by parabolically in- 
duced representations Xp(cr), where P is a parabolic M-subgroup with Levi 
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component M and a G 112 (M). The description of the space T{G) of func- 
tions on ntemp(G^) is comphcated by the reducibihty of Tp{a) the for some cr, 
that arises as follows. 

If w belongs to the stabiliser of a in Wm-, then the normalised in- 
tertwining operator Rwp\p{a) followed by translation with a representative 
of w yields a self-intertwining operator of Xp(cr). The elements w for which 
that self-intertwining operator is a scalar multiple of the identity make up a 
normal subgroup that is also related to the partial Plancherel densities 
in ([3]). The set of those a G Y7{G,M) = S^|p for which ^aicr) = is 
a root system with abstract Weyl group W^. The reducibihty of Ip{cr) is 
measured by the -R-group = W„/W^. One can fix a chamber c C Um for 

and identify with the stabiliser of c in W„. 

In order to simplify the description of Arthur has introduced in [7] a 

set T{G) (and renamed it to Ttemp(G) in [11]) as a replacement of ntemp(G). 
It consists of G(M)-conjugacy classes r of triples (M, a, r), where r G Ra- 
The discrete part T^isc{G) mentioned in the heading consists of the classes 
of those triples for which the Wj^-coset of r contains an element w such that 
the fixed-point set a^j equals ac- Often one does not distinguish between 
the class r and the virtual character 

/(r)=tr(i?(r)Jp(a,/)), 

which is linear combination of (the characters of) the constituents of Xp{a). 

Parabolic induction from a Levi M-subgroup L extends to virtual repre- 
sentations and defines a map Ttemp(-^) ^tcmp(G'). In fact, if r G Ttemp(-Z^) 
is represented by the triple (M, a, r), where r G R^, then the induced class 

G Ttemp(G) is represented by the same triple, where r is now viewed as 
an element of the larger group R^ = R'^- The virtual character r is elliptic 
if and only if a^/ = ai, and so Tcii(L) C Tdisc(-^^)- 

If Ti G Teii(Li) and T2 G Teii(L2) are such that (Li,ri) and {L2,T2) are 
G(M)-conjugate, then clearly = ■ Actually, the converse is also true. 
Indeed, by Proposition 1.1 of [7] we may assume that Xj is represented by 
(M, (T, Ti) with the same M and a. Now the are PKr-conjugate, and so are 
the ai, = a^i- 

If r G Ttemp(-^) represented by a triple (M, a, r) and if Q, Q' G V^L), we 

set 
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where tt is a constituent of X^{a), no matter which one. In fact, 

/^Q'Iq(^) = ^^RU'\RU{(^), ^Q'Iq(^) = rRU'\Ru{(^) 

for any R G V^{M), where U and U' are the unipotent radicals of Q and Q'. 
These functions give rise to {G, L) famihes and hmits 

rriLir, P) = mL{n, P), tl^t, P) = rL(7r, P). 

In analogy to ([3]) we have the product formulae 

/^Q'IqM = n ^Z^*^^)' ^Q'\q(^) = n '"/^(r), (4) 

where /i/3(T) is the product of the fia{o-) over those a G whose 
restriction to is a multiple of (3, and similarly in the case of the normalising 
factors. 

For the rest of this section we assume that r G Teii(L), again represented 
by a triple (M, a, r). Let be the set of those P G S''(G', L) for which 
f^fBi^) = 0. The latter is the case if and only if there exists a G whose 
restriction to ai is a multiple of /5. Since fia{.<^) = A^-alc"), there is an even 
number 2?T,^(r) of such roots a. As a is square-integrable, fia{o'x) has a 
double zero at A(a) = for a G S^. Thus, if /5 G S^, the function fipi^Tx) has 
a zero of order 2np{T) and r/3(rA) has a pole of order at A(/3) = 0, where 
A runs through a^c- 

Later we shall need the constants 

F /3eF 

where F runs through the bases of (a^)* contained in Eg for some Q G V{L). 
Changing Q entails replacing some /3 by — /3, but the value of ?T.^(r) and hence 
n(r) remains unchanged. 

Lemma 1 The stabiliser Wr ofr in Wl acts transitively on the set of cham- 
bers ofY7^ in ai- In particular, it contains the reflections with respect to the 
elements ofY7^. The virtual character r*^ belongs to Tdisc(G') if and only if 
spans (af)*. 
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Proof. The chambers of in are of the form c n a^, where c is an 
r-stablc chamber of in Om • Suppose that c' C aM is another chamber of 
this kind. Since Wj^ acts simply transitively on the set of chambers of S^, 
it contains an element w such that c = wc'. The element wrw'^r~^ of Wa 
belongs to the normal subgroup and this element stabihses c, so it must 
be the identity. It follows that w commutes with r, so it stabilises and 
restricts to an element of which maps c H Ol to c' fl o^. It is clear that w 
fixes r, so the restriction belongs to Wr- This shows the transitivity. 

Given /3 e S^, let D L be the Levi subgroup such that Ol^ is the kernel 
of /3, and let P/j, be the two elements of V^i^ (L) . Then lJ^p'^\Pp (t) = /^/^(r) = 

and hence (3 G Sr*^'"^. By what we have proved, Wt'^ acts transitively on 
the set {op^, cip/}, so it must contain the only nontrivial element of VF^", 
viz. the reflection with respect to (3. 

Let H e aL such that /3{H) = for all f3 G S;, i. e. a{H) = for aU 
a G S^. For all w G 1^° we have rwH = rH = H. If r'^ G Tdisc(G'), then 
there exists w G II^° such that = ac, and it follows that H E ac- This 
shows that spans (af )*. 

Conversely, suppose the latter is the case. Then we can choose roots cki, 
. . . , a„ G E^ whose restrictions to form a basis of the dual space. Let 
Si denote the reflection with respect to 04 and set wq = Si - ■ ■ Sn G W^. It 
suffices to show that = Og- Thus, let H G au be a flxed point of twq. 
Since the closure of c is a fundamental domain for the action of W^, we 
can find w in that group such that H lies in wt. This chamber is stabilised 
by wrw~^, and after replacing r and all the Sj by their conjugates under w, 
H by wH and c by wc, we may assume that twq fixes a point H E c. Now 
Woi? equals r~^H, which lies in the fundamental domain c of W^, so that H 
must be fixed by Wq. Applying Sj to a point amounts to adding a multiple 
of the vector dj, and applying wq amounts to adding a linear combination of 
these vectors, which is zero in case of the point H. Since the dj are linearly 
independent, each coefficient is zero, which means Si{H) = H and ai{H) = 
for all i. But H is also fixed by r, hence in Ol, and by the choice of the ctj 
we have H G ac, as was to be shown. □ 
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3 Shifting contours 



Let M be a parabolic M-subgroup of G and P G V{M). The asymptotic 
formula in [11] is stated as an integral over a subset 

T,(M) = {Te : re Ttemp(M)} 

that involves the function mM{'^,P) from the previous section. (Of course, 
the Levi subgroup in a triple representing r G Ttcmp(^) will in general be 
a proper subgroup of M and has to be denoted by a different symbol.) We 
will shift the contour of integration to Ttemp(Af). 

Recall that Ttemp(Af) is the disjoint union of the sets iy^[\Teii(Li) over 
all conjugacy classes of Levi subgroups Li of M. More precisely, one should 
consider the images of the sets Teii(Li) under the induction map r r^^. 
Let Teii(Li)^ be the subset of those r which are trivial on exp a^^. Then every 
element of Teii(Li) can be uniquely written as tx, where r G Tcii(Li)^ and 
A G ial^. 

Lemma 2 Letr G Tcii(Li)^. Then for sufficiently small e G (op)"*" and every 
Paley- Wiener function cf) on a^^ c, 



/ 



ct){X)mM{T^',P) d\ 



E E dlmS)n^{r)p.v.[ 



</>(A)mf,(rf ,Pn5) d\. 



LeC{Li) seC{M) 

The same formula is true with m replaced by r on both sides. 

The principal value means that we integrate over the complement of the S- 
neighbourhood of the union of root hyperplanes and let 5 — 0. Actually, we 
could restrict summation to pairs (L, S) for which the constants d^-^ {L, S) 
defined in §7 of [5] and n^{T) defined in are nonzero. For such L and 
all A G ia2, we have tx G Tdisc(-^^) by Lemma [H 

Proof. The product formulae (HI) imply product formulae for the members 
of the corresponding {G,Li) families, viz. 



mQiX,r,Q)= n ^T^' rQ>{X,r,Q)= J] 



.p^, /^/3(^A/2)' ' ' g^^^ r^ir) 
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for Q, Q' e V{Li) and A G a^^^- ^very P e T.''{Al^,G), there are 
meromorphic functions and r'^ on C x Teii(Li)^ such that 

where the directional derivative is defined as d{C,)(f){Tx) = ^0(rA+tg)|i=o for 
any ^ G a^^. Let us fix r and omit it from the notation. It follows from 
Harish- Chandra's explicit formula resp. the construction of normalising fac- 
tors in terms of L-functions in [6], (3.2) that and are functions of 
moderate growth uniformly in every vertical strip of bounded width except 
in a neighbourhood of a pole. Since r is trivial on exp a^j, the only possible 
pole on the imaginary axis is a simple one at zero with residue — n^(r). In 
the rest of the proof, we treat only the case of m, that of r being completely 
analogous. 

If we fix a parabolic Qi G V{Li) contained in P, then Corollary 7.3 in [3] 
(with C/3(z) = 1 for /9 ^ ^Qi^ provides the formula 

mM(rf ,P) = 5^vol(a^,/ZFM) J] (6) 

F PdF 

where the sum is taken over all F C such that Fm = {(^m \ (3 F} is a 

basis of a^j. Here 13m denotes the projection of the "coroot" (3 G a^^ to Om- 
For any linearly independent set F C Y7{Al^,G), there is a unique Levi 
subgroup Lp G C{Li) such that 

aL, = {He Ul, I /3iH) = V/5 G F}. 

If Fm is a basis of afj, then a^j © a^^ = af^. We have fixed Haar measures 
on these vector spaces, and the constant d1^{M, Lp) is such that for the 
corresponding Plancherel measures and any e G (ci^/)* we have 

[ (t){\)d\ = df^iM.Lp) [ [ ^{fi + C)dfidC. 

When we substitute (j){X)mM{Tj^ , P) in place of 0(A), the second factor is 
independent of fi and can be taken out of the inner integral. We use the 
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isomorphism (a^^)^ that maps ( to the point z with components 

— C{$) define a Paley- Wiener function on by 



<Pf{z) = + C) d/i. 

Since the elements of F C Y7q^ are negative on aj, the point corresponding 
to e is of the form —Sp with negative components —Sp. 

As C e ^(Om)* is extended to a linear functional on af^ vanishing on a^, 
wc have = C(/^m)- Thus our isomorphism is dual to the isomorphism 
IR-^ a^j that maps the standard basis to Fm and takes the Lebesgue 
measure to the Haar measure divided by vo\{a^ / TjFm) ■ Recall that the 
Plancherel measure a; on corresponding to the Haar measure on M is the 
Lebesgue measure divided by 2tt, and that Plancherel measures are inversely 
proportional to Haar measures. Thus, for generic e e (ctp)"^, 



f3£F 



where up is the product measure of copies of cu, or rather its translate. 

For every Paley- Wiener function (pp on C and ep > sufficiently small 
we have 

1 f ^ 



27ri 



Ti (T ) 1 f 

z)m'p{z) dz = (t)p{Q) + — P-V-y^^ (l>p{zWp{z) dz, 



where as a contour is endowed with the upward orientation. The dif- 
ferential form dzj^'ni induces the measure lo on the imaginary axis and its 
parallel translates. After coordinatewise application it follows that for every 
Paley- Wiener function on and every £f £ with sufficiently small 
positive components, 

where the sum is taken over all decompositions of F into two disjoint subsets 
F' and F", and np' = Ylp&F' ''^p{^)- On the right-hand side, we take principal 
values along the union of the coordinate hyperplanes in the obvious sense. 

Next we have to take the sum over all sets F as above. To every F and its 
partition into F' and F", we can associate Levi subgroups Lpi = L e C{Li) 
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and S e C{M) defined by as = a^^,, fl Um- Then of^ = af © af, and the 
sets F' C TiQ^ and FjJ;!^ C are bases of (af;J* and (af^)*, respectively. 
Conversely, any such configuration L, S, F', F" arises exactly once, hence 
we can replace the summation over F by summations over L and S. The 
Hasse diagram below could be completed to a cube by the Levi subgroup 
corresponding to H Ol, but that does not turn up in our argument. 

S 
M 



When we re-substitute the defining expression of 0f on the right-hand 
side, the argument of will lie in i(af )*, and we have to make sense of ujf" 
and the product of the m^^ over j3 G F" . Like in the case of F, we have an 
isomorphism iM^ " — > i(o£^)*, under which the measure LOpn corresponds to 
vol(af^/ZFjJ^) times the Plancherel measure. Considering the composition 
of natural isomorphisms — > af^„ — > a^^, we can write the coefficient in 
front of the integral as 

d%{Lp,M) = df^,XLF,S)dl{Lp„,M). 

The second factor in this product times the Plancherel measure on i(af^)* 
corresponds to the Plancherel measure on i(ci^^")*, which in turn corresponds 
to c?^^ (L, Lpii) times the Plancherel measure on i(a^^)*. We can now combine 
both integrals into one integral over i(af )*. The resulting coefficient 

can be taken out of the sum over F" , which becomes 

5]vol(ai,/ZF^) n m',{m)^ml,{T^,PnS). 

F" /3eF" 

The sum over F' gives rise to the coefficient n^ir). Finally, we replace by 
a Paley- Wiener function on ia^ averaged over io-q. □ 
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4 Temperedness 



In §7 of ^llj, Arthur has sketched a proof that the hmit in the asymptotic 
formula exists uniformly for test functions / in the Schwartz space C{G) and 
that the resulting distribution is tempered. However, that distribution is 
given by an integral over the set Te{M) where the Fourier transforms /m 
of such functions are not defined. We are going to show that after shift- 
ing contours to the set Ttemp(^), the resulting expression does converge for 
Schwartz functions. 

This requires certain bounds in terms of infinitesimal characters of the 
elements of Ttemp{M), which we write again as r^'^, where r G Tcii(Li). Sup- 
pose that T is the Li-conjugacy class of {Mi,a,r) and that Ti is a maximal 
torus in Mi. Then the infinitesimal character of a is parametrised by a W^^- 
orbit in that we denote t*(cr). The infinitesimal character of the virtual 
representation r is that of any of its components. It is parametrised the 
ly/j^-orbit t*(r) containing t*(cr), and similarly t*(r*^) is the iy™-orbit con- 
taining t*(o"). We assume that a VT^^ -invariant inner product has been fixed 
on compatible with all the decompositions ti = ^ © a^j^c- If t G Teii(Li)^ 
and A G ia^-^, then 

tl{Tx) = {f^ + X\fieiliT)}. 

We say that a function (p on Teii(Li) is smooth and slowly increasing if for 
every differential operator D with constant coefficients on there exist a 
natural number n and a constant c > such that 

|D0(r)| < c(l + for/iGt*(r). 

Lemma 3 For all Levi subgroups Li G M of G, parabolics P G V{M) and 
smooth slowly increasing functions (j) on Tq\\{Li), the function 

^ 0(r^A)"^M(T-*l,P) 

extends to a smooth slowly increasing function on Tcii(Li)^ x ia\ . The same 
is true with m replaced by r. 

Recall that ruMi^Tx^ , P) and vmItx^ , P) are meromorphic functions of A G 
c with poles along the hyperplanes \{(3) = for each P G S^. 
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Proof. Due to formula and its analogue, it suffices to consider the 
functions 

in place of mM(T*^, P) and rM{T\^ , P), where F C is linearly independent. 
It follows from Harish-Chandra's explicit formula resp. the construction of 
normalising factors in terms of L-functions in |6j, (3.2) that 

extend to smooth slowly increasing functions of t\. Thus we need only con- 
sider the reciprocal of 

n^(A) = n m 

in place of mM{Tjf , P) and tm^Tx^ , P)- 

We choose a chamber c oiY7^, denote by the set of those elements of 
which are positive on c and set 

n.(A) = n m- 

Note that Yl^{w\) = er{w)Il^{\), where : Wr {il} is a character 
independent of the choice of c. If we choose c so that the kernel of a given 
/5 G is one of its walls, then we get for the reflection s corresponding to /? 
that er{s) = —1. 

Our expression becomes 

\ n^wo = n^A) 5: ^^(")'^(^-)nH^- 

Since Ilc/n^ extends to a polynomial, every term in the sum extends to 
a smooth slowly increasing function. If s is the reflection corresponding 
to /9 e E^, then the contributions of w and ws to the sum on the right-hand 
side cancel for sA = A. Thus the whole sum vanishes for A(/3) = 0. 

It follows from Taylor's theorem that for every smooth slowly increasing 
function 00 that vanishes for A(/3) = there is a smooth slowly increasing 
function 0i such that 

0o(rA) = A(/3)0i(r,) 
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and that 

\Mrx)\ < sup (|0o(rA)| + |5(/9)0o(r,+,^) I) • 
l*l<i 

Applying this repeatedly to the last sum over Wr, we see that it is divisible 
by nc(A) as a smooth slowly increasing function. □ 



5 The asymptotic formula 

Roughly speaking, the asymptotic formula of |TT] describes the limit of 
Ini^x), where 7 G Mreg(M) and 7x = 7expX, as X tends to infinity in 
a certain chamber of Om- More precisely, one fixes P G V{M) and r > 
and lets ||X|| tend to infinity while a{X) > t||X|| for every fundamental root 
a of Om in the unipotent radical of P. This is abbreviated as X — > 00. 

P,r 

In order to get a limit that is not trivially zero, one has to replace the test 
function / G C{G) by a new function fx G C{G) that varies with X and is 
characterised with the help of a multiplier ax as follows. 

If Ml is a Levi subgroup of G, (x G n2(Mi) and Pi G P(Mi), then 
Xp^((j, fx) = unless a conjugate of Mi is contained in M, and if Mi C M, 
then 

Ip^icr, fx) = axicr)Ip^{a, /), 

where 

Here G ^ci^/^ denotes the infinitesimal central character of cr defined by 
a{expH) = e'^'^^^Id for H G Omi- Note that for M = G one simply gets 
fxilx) = fil)- 

If Ti is a maximal torus in Mi, then the lattice of cocharacters of Ti over C 
can be naturally embedded into ti, and for any element Z of its M-span and 
any /i G ti(cr) we have I'iZ) = Im/i(Z). That is why in [IT] the infinitesimal 
central character was called the imaginary part of the infinitesimal character. 

For a virtual character r G Ttcmp(G) represented by a triple {Mi,a,r), 
where a G 112 (Mi) and r & Rcr, one writes 

/(r)=tr(i?(r,or)Jp,(or,/)). 
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It is clear that 

(/x)G(r)=«x(r)/(r), 

where axi^) = (^x{<^) if a conjugate of Mi is contained in M and axi^) = 
otherwise. 

More generally, let L be a Levi subgroup containing Mi, and let r G 
Tteiap{L) be the L(M)-conjugacy class of the triple {Mi,a,r), where r e R^. 
Then one uses the notation 

hir) = f{r% 
and by transitivity of induction we get 

(h),{T) = ax{r)fL{r), 

with axi^) = as above. 

As with all objects that depend on Levi subgroups up to conjugacy, it is 
sufficient to consider only Levi subgroups in C = C{Mq) for a fixed minimal 
Levi M-subgroup Mq. We write for W^j^. 

The general structure of the Fourier transforms of the invariant distribu- 
tions Im{i) is given by Theorem 4.1 of 0. It asserts that there are unique 
smooth functions $a/ l on (M(]R) fl Gi.cg(ffi)) x Tdisc(-^^) such that, for all 
/ e C(G), 

/m(7, /) = E / '^*^-^(^' ^)^(^) (7) 

and that $m,l(75 t) is invariant under acting on the pairs (L, r). More- 
over, those functions are slowly increasing in the variable r, which ensures 
the absolute convergence of the integrals. In the special case that M = G, 
the functions ^c,l{i,t) vanish unless r G Teii(L). We have written the con- 
tragredient f of r as an argument of $m,l in order to simplify formulas in 
the next section. 

Theorem 1 Let P e V{M), 7 e Mreg(M) and f G C{G). Then 

LiCL 
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where n^{T) and k^^{T) are defined in The integrand is Wq -invariant 
as a function of (Li, L, r, A), and the integral-sum over r and A is absolutely 
convergent. 

For every family rpi\p of normalising factors as in 18^, section 2, the 
analogous formula for the limit of Ilji'jx, fx) with mf^ replaced by rfj is 
valid. 

Proof. The special case of equation ([7j) with G replaced by M reads 



Following [TT], §5, we use this equation in the case A G a^j. to extend the 
definition of l^- If /i G T-C{M), so that h^-^ is a Paley-Wiener function, 
this allows one to replace r by r^, which results in a shift of the contour of 
integration like in Lemma [2l As in that lemma, we write the elements of 
Teii(Li) in the form t\ with r G Teii(Li)^ and A G iaLi- According to [7], 
equation (3.5), the restriction of the measure on Teii(Li) to an zoLj-orbit is 
the image of the measure on iaL^ divided by k^^^r). 

For the time being, let f e n{G). Note that 7x G G'reg(M) for X G 
sufficiently far away from the walls. According to Corollary 6.2 of [11], for 
e G {ci*p)~^ small enough, the left-hand side of the equation in the theorem 
equals 




for h G C(M). For A G ia^/ we have 



Wr 











■M 



TeT,n(Li)i 



*M,L.(7,r^A)/L.(TA)mM(rf,P)rfA. 



(8) 



If we apply Lemma [2], this expression becomes 




5e£(A/) 
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The value of this expression remains unchanged if we replace all occurrences 
of M, P, 7, Li, L, S, T and A by their conjugates under a fixed w G W^. The 
same is true if we sum the resulting expression over w and divide by |Wo^|. 
Now we denote the conjugated objects wLi, wL, wS, wr and wX by the 
original variables and obtain 



° ' u-el^ff iie£-Af I I L^c{Li) TeTeii(Li)i 



T] 



p.v. / fLArx)KMM(w^^^->)^iM{r^'' .wP f^ S)d\. 



We change the order of summation and integration to get 



LiCL 

L E "^^MM (^7, r_A)m^,,(rr^ i^P n S) dX. 



LiCwMcS 



Note that $mli(7; ''") depends only on the M(M)-conjugacy class of 7, so the 
term corresponding to w depends only on the right coset of w modulo . 
In §7 of fll], Arthur has sketched a proof that the limit X — > 00 also 

P,r 

exists for / G C{G) and is a tempered distribution. Assuming that this 
has been carried out, it remains to show that the above integral-sum con- 
verges not only as a principal value, but absolutely and defines a tempered 
distribution. 

Substituting for w, we can write the sum over Wq as 



wLiCMCwS 



We consider the partial sum over those w for which wLi equals a fixed Levi 
subgroup L[ C M. These make up a left coset modulo the stabiliser of L[ in 
Wq , whose quotient modulo Wq ^ equals Wl'_^. We further restrict summation 
to the elements w G Wl'^ for which wS equals a fixed Levi subgroup S' D M, 
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and among those to a left coset modulo W^' . Finally, we restrict the sum 
to those w for which wt equals a fixed r' G Tcii{L[y. They make up a left 
coset modulo W^, , and our partial sum becomes 

l<1 E <,L;(7,r:^'A')^f;(r:^l',i^n5'), 

t' 

where A' = wX. Now the convergence of the integral-sum and the continuous 
dependence on / G C{G) follow from Lemma [3] applied to S' in place of G. 

Note that Corollary 6.2 of [H] has an obvious analogue for Ilfi'j) with 
mM{T,P) replaced by r]\j{T,P) that follows from the same Theorem 6.1. 
The corresponding version of our Theorem can thus be proved in a parallel 
fashion. □ 



Corollary 1 Let P G V{M). Then there are unique smooth functions $p,l 
on Afj.eg(K) X ^disc(-^) such that, for all f G C{G), 

and that $pj,(7,r) is invariant under acting on the pairs {L,t). Every 
element of Tdisc(-Z^) is of the form for some Levi subgroup Li of L and 
some T G Tcii(Li), and we have 

<|.p,^(7,r^) = fcf,(r)n^(r) dg^L, 5) 

seC{Li) 

LiCwMcS 

where fcf^(r) = {t) / k^^ {r) . In particular, ^p^l{j,t^) = unless a conju- 
gate of Li is contained in M. 

The formula is an easy consequence of Theorem [T] and the definition 
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of the measure on Tdisc(G'), which is equivalent to equation (3.5) of [7]. The 
smoothness of $ p^l follows from Lemma [3] by the argument in the proof of 
Theorem [H and this implies the uniqueness in view of the trace Paley- Wiener 
theorem in [9j. 

Obviously, Corollary [1] has an analogue for the distribution J](^, its Fourier 
transform and its limit ^^pi- The formula in the corollary can be 

compared with the descent identity (4.7) in [S], as suggested in the concluding 
remarks of [TT] . Note that the functions have been determined in [12] . 

Example. Suppose that M = Mq is a minimal Levi subgroup. Then Li = M, 
T = a G 112 (M) = ntemp(^) IS a finite-dimensional representation, and we 
need only consider L G C{M). By a theorem of Harish-Chandra's, 

<M(7,^) = l^"'Mr/'tra(7). 

Now |D*^(expr)|i/2 = e^As(expr) for Y in a connected component U of 
exp~-'^(T(]R) n M(]R)i.eg), where (e^)"^ = 1 As denotes the denominator 
of the Weyl character formula with respect to a system S of positive roots 
of t in m. Thus, if /i G t*(cr) is E-dominant, then 

for Y eU . Note that we have a split exact sequence 

I ^W^f ^Wg 1, 

where the stabiliser of S in is mapped bijectively onto W^j (cf. [T3] . 
Lemma 2). The formula in the corollary now specialises to 

$P,4expr,a^)=n^(a)4 J] e''\w)e^^^''^ 

S&C{M) 

where e^{w) = (_i)#{«'Sn-s)^ provided G Tdisc(i^). 
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6 The differential equations 



Let us recall from Proposition 11.1 of ^ the differential equations satisfied 
by weighted orbital integrals. For every connected reductive R-group G, its 
Levi subgroup M and maximal torus T C M, there exists a smooth map 

Om = dl, ■■ Tm n acg(M) ^ Hom(Z(g), f/(t)) 
such that, for all 7 G T(M) n Greg(M), z G Z(g) and / G C(G'), 

JMil,zf)= J2 dU^,zs)JshJ). (9) 

5e£(Af) 

Here we use a Haar measure on ^^(IR) = T(]R) independent of 7. We denote 
by zs G Z{s) the image of 2; under the Harish- Chandra homomorphism, and 
the smoothness of the map dM{t, z) is meant for fixed z, where it takes values 
in a finite-dimensional space. The family of such maps is unique. Moreover, 
(9f?(z) = zti which is the image of z under the Harish- Chandra isomorphism 
Z{q) Z{t)^, where W is the Weyl group of (g, t). 

The analogue of the differential equation ([9]) with the weighted orbital 
integrals JAf(7, /) replaced by the invariant distributions Im^'J,/) is equa- 
tion (2.6) of [g. As explained in [8J, p. 197/198, it is also vahd for / G C{G). 
We combine it with Theorem 4.1 of that paper, which we recalled in equa- 
tion ([7j). In that equation, we can interchange the differential operators 
with the integration due to the estimates (4.4) of 0. Moreover, (^/)L(r) = 
x(-2)/l(t), where x is the infinitesimal character of r*^. We conclude that 
the functions $m(7) = ^m,l{i,t) satisfy the differential equations 

Xiz)^Mil)= Yl 5M(7,^5)<f5(7), (10) 

SeC{M) 

because both left and right hand side satisfy the symmetry condition (4.2) 
of [8]. If the equations are satisfied for z G kerx, then they are satisfied for 
all z G Z(fl), because x(l) = 1 and d^{-f, 1) = for M 7^ 5*. 

The differential operators in flTU]) can be pulled back to the Lie alge- 
bra t(]R) of T(R) under the exponential map and extended to meromorphic 
differential operators dfj{Y,zs) on its complexification t. For any parabolic 
M-subgroup P D T those differential operators are holomorphic on the sector 

tp = {F G t : \a{Y)\ > for all roots a of t in n}. 
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where n denotes the (complex) Lie algebra of the unipotent radical of P. 
Let C{P) = C{Mp), where Mp is the Levi component of P that contains T. 
A solution of the complexified system of differential equations 

xiz)^M{Y)= J2 df,{Y,zs)^s{Y) (11) 

S£C{M) 

is then a tuple of holomorphic functions m on tp indexed by the elements 
M of C{P). The infinitesimal character x corresponds to a W^-orbit in t* that 
we denote by i*{x)- As a consequence of the theorem on the holomorphic 
dependence on parameters, the spaces of solutions Sp{x) fit together to a 
holomorphic vector bundle Sp over the affine space of characters of Z{q), 
which we identify with Vr\t*. For every subset E of i*{x) have the 
subset Sp{x, E) of solutions whose leading exponents are in E, and that is a 
subspace of E is P-closed in t*(x) (i- e., closed under subtraction of any sum, 
possibly with repetitions, of roots of t in n, cf. IH], p. 788). Let S be an open 
subset of t* such that its image under the natural map tt : t* W\t* is also 
open and S is closed in 7r~^(7r(£^)). If for each x ^ 7r(£^) the set t*(x) H £^ is 
P-closed, then the spaces iS(x, t*(x) H S) make up a holomorphic subbundle 
Sp{S) of Sp\^(^s)- 

We will now recall from Theorem 5.8 of [H] the standard solutions. Sup- 
pose that is P- minimal (i. e., {/i} is P-closed) in t*(x)- Then for fixed 
7 G T(M)^ there is a unique solution (^'m)mg£(p) of (PTj) such that 

• If M ^ G, then there exist positive constants C and d such that 

|*Af(>")| < maxle^'^-^^^^)! , 

where a runs through the roots of t in n. 

We refer to [13] for the series expansion of this standard solution and explicit 
calculations for groups of low rank. 

If the stabiliser of /i in 14^ is nontrivial, there are further solutions. 
Indeed, if c belongs to the space Hw^{i*) of py^-harmonic elements of the 
symmetric algebra ^(t*), then {c'^M)Mec{P) is also a solution, where c is 
considered as a differential operator on t* applied in the variable fi. 

Since the standard solution "^m^Y) of ffTTj) is uniquely determined by P 
and fi, we use the notation \&£f(y, /i). This function is holomorphic in both 
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arguments as the limit of a normally convergent series of holomorphic func- 
tions. Given L G C{P), we obtain another solution of the system (fTT]l by 
restricting '^f,p^ to tp for M C L and setting the components with M L 
equal to zero. 

According to Theorem 5.8 of |J^, the standard solutions are the 
building blocks of arbitrary solutions of the system of differential equa- 
tions flTUl) in the following sense. If every element of t*(x) is P-minimal 
in this set, then for any solution {^m)m&c{p) and any connected open subset 
U of exp~^(T(M) n Pi.eg(IR)) there are unique elements c^f{fi) G Hw^{V) for 
every M G C{P) such that 

$M(expy)= J2 E 4'''(/^)*m'(^'/^) (12) 

fiei-ix) seC{M) 

for all M G C{P) and all Y e Up = U f] tp. Note that expUp C G'reg(M). 
Actually, the proof was only given for regular infinitesimal characters but 
extends easily to this slightly more general situation, as for dimensional rea- 
sons the standard solutions, augmented by harmonic differential operators as 
above, still span the full space of solutions. We will write for the set of 
connected components of exp~^(T(M) fl Mp^reg(I^))- 

There is a simple version of parabolic descent. If Q is a parabolic subgroup 
containing P, then tp C tg, and for any Levi subgroup M containing the 
Levi component of Q that contains T we conclude from the characterisation 
of ^f^f that 

For /i G i*{x) that is P-minimal in this set we deduce the equality 

P,U/ \ Q,U/ \ 

Cm W = Cm W 

for U G using the uniqueness of these numbers. The applications of this 
equality are limited. Given M G >C(P), we cannot always find Q G V{M) 
such that P C Q. We defer a more detailed study of parabolic descent to 
the next section. 

Now we will apply the quoted results to the Fourier transforms $m,l(7, t). 
A virtual character r G Tdisc(-Z^) will be called P-semiregular if every element 
of t*(r'^) is P-minimal in that set, and we write T^i^J^'^'^^{L) for the correspond- 
ing open subset. We see that for every 
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and fi G i*(r'^) there are unique elements c^f^i^r, fi) G Hw^{i*) such that 

$M,L(expF,r)= Yl E 4l(^,/")^m^(>^,/^) (13) 

Met*(rG') s'e£(Af) 

for Y G f/p. 

An element r G T'jj'~'^'^^^(L) will be called P-regular if is minimal 
for every fi G t*(r*^) and ^ Tdisc(-Z^') for any Levi subgroup L' properly 
containing L. Such elements make up a dense open subset T^^'^'^^i^L), over 
which we have a smooth covering {(t, /i) | /x G t*(r'-^)}, and the functions 
c^i^{T,fi) are smooth on this covering. 

Theorem 2 // M G £(P), U e , t E T^i'^'^'^iL) and fi G t*(r^), i/ien 
c^^{T,fi) vanishes unless Re/i(X) < for all X G a^. 

Proof. We may assume by induction that the theorem is true for all Levi 
subgroups S properly containing M and for all r' G Tdisc(-Z^') such that L' 
is properly contained in L and r'^ = r. The basis of induction is a special 
case of the inductive step as for M = G there are just no such S and for 
T G Teii(L) there are no such {L',t'). 

We fix U, L and r G T^^~J'^^{L). Let be a smooth function on Tdisc(-^^) 
not vanishing at r whose support is compact and contained in the ia^-orbit 
of r intersected with T^^^J'^^{L). There exists a Levi subgroup Li G L such 
that r is induced from Teu(Li). If the support of is small enough, then due 
to the regularity of r the pull-back of under induction extends to a smooth 
compactly supported function 0i on Teii(Li) that vanishes on the preimage 
of Tdisc(-^^') for L' G >C(Li) unless L' C L. Due to the trace Paley- Wiener 
theorem (see [9j), there is a function / G C{G) such that = on Teii(L') 
unless L' is conjugate to Li, while 

for Ti G Teii(Li). By construction, /^z = on Tdisc(-^^') unless L' is conjugate 
to a Levi subgroup sandwiched between Li and L. According to (j7]) we have 

/M(expr,/) = f ^M,L'{expY,T')fL'{f')dT' 
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for Y G [/p, where the sum is taken over all G(M)-conjugacy classes of Levi 
subgroups which have a representative V sandwiched between Li and L. If 
we replace F by F + X, where X G ap = ajuHtp, the left-hand side is rapidly 
decreasing as X ^ oo by Corollary 7.4 of |1] or rather its analogue for the 
invariant distribution Im (cf. |8], p. 213). Due to the inductive assumption, 
the same is true for the terms on the right-hand side with L' ^ L and for 
the contribution of Levi subgroups 7^ M to f[T^ in view of the definition 
of and the continuity of on the support of 0. We conclude that 

is rapidly decreasing as well. Here we have interpreted c^}^(rA,/i) as a har- 
monic polynomial on t and inserted the additional argument Y. 

Let us fix a maximal torus Ti of L and a parameter fii G ti(T). We denote 
by V the set of isomorphisms t — * ti induced by elements of G(C). Then for 
A G ia2 we have 

i*(r^) = {v*i^^, + \)\vEV}. 
We fix X and Y as above. With the notation 

c,(A,t) = e(^i+")(^^)45,(r;„t;*(^i + \),tX + Y) 

we get 

g{tX + Y) = J2 [ c.(A, t)e*(^i+^)("^V(rA) c^A 

= E / <^(^A)c.(A)e'^*|^^(^^^,)(^^)rfA, 



where the polynomial Cy{X) in the variable t has been reinterpreted as a 
differential operator acting in the variable a. The left-hand side is rapidly 
decreasing for t ^ 00, so the Laplace transform 



00 

-St 



G{s) = / g{tX + Y)e-''dt 







is holomorphic for Res > 0. If we plug in the formula for g, we can inter- 
change the order of integration for Re s ^ and get 



vev 



4>{r\) Cy{X)- 



s — a 



dX. 

a={^J.l+X){vX) 
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In our case the inversion formula 



g{tX + Y) = lim / G{s)e''ds 

2m R^oo J^_.j^ 

is valid for t > and a > 0. 

Let V+ = {v eV \ Re/ii(fX) > 0} and e = min{Re/ii(fX) | v e V+}. 
We may assume that the support of (p is so small that for any of its elements 
A and any v & V we have |A(fX)| < e/2. Then the term in the formula for 
G corresponding to a given v extends to a holomorphic function outside the 
disc about fii{vX) with radius e/2. We may now interchange summation 
and integration in the inversion formula if a ^ or if o" = e/2. Since the 
result is independent of cr, we conclude that 

The function was arbitrary in a neighbourhood of r, thus 

for any Y E Up. Since c depends polynomially on Y, the terms of the sum 
are linearly independent as functions on Up. Consequently, each of them 
must vanish, and the theorem is proved in the case r G T^^~J^^{L). 

If £ is an open neighbourhood of {/i G t* : Re/i(X) < for all X G ap}, 
then it follows that for all elements of T^i^J'^^iL) the tuple of functions 
^m,l{Ux,t) lies in the subbundle Sp{S) (or vanishes if t*(T) ^ vr(£^)). By 
continuity, this is also the case for all r G T^i^J^^'^^{L). □ 

Now we are going to apply the asymptotic formula to the expression ([T3|) . 



Theorem 3 Let T be a maximal torus in the Levi component M of the 
parabolic subgroup P of G. Let r G T^f'^'^^^L) be represented by {Mi,a,r), 
where a G Il2{Mi) and r G R^. For U G and Y G Up, we have 
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where t*(r'-^,M) denotes the set of all ji G i*(r*^) for which there exists 
a G{M.) -conjugate [M[,a') of [M,cr) such that M[ C M and /i|aA/ 

the 

infinitesimal central character of a'^^ , and for which this remains true in a 
neighbourhood of t. 

Proof. As in the previous proof, we fix L, r and U and a function 
which gives rise to a function / G C{G). If we plug in equation f|T3l) into 
equation ([7]) with (7, /) replaced by (exp Z, fx), where Z = X + Y,X&ap 
and Y E Up, we get 

/^(exp Z, /x) = / X] X] /^)^Ar^(7, ^, /i)ax(7'A)0(T-A) c^A. 

^''i ^Gt*(rf)Se£{M) 

We know from Theorem [2] that the coefficients c^'^(r, /i) vanish unless e'^^^'' 
is bounded for X G ap. In this case, the functions ^^^{Z^jj) with S ^ M 
are exponentially decreasing as X 00. Moreover, Idxl'r)! < 1 due to the 

fact that the central character of a unitary representation is unitary. Since 
the functions cf ^ are smooth on the support of 0, we can take the sum over 
S out of the integral, and the terms with S ^ M tend to zero by bounded 
convergence. Thus we are left with 



X 



lim lM{expZ,fx] 



lim / Y] c^fLi'T'\,fJ',Z)e^'^^''axifx)(f){Tx)dX, 

J tttr / 



where we have interpreted ^ as a harmonic polynomial in the variable Z 
again. Now we replace X by tX with fixed X G Op and Y G Up. We rewrite 
the left-hand side in the notation of Corollary [T] and the right-hand side in 
the notation from the proof of Theorem [2) 

<^P^L{ewy,rx)(j){Tx)dX 

= lim V / c,iX,t)e'^^^^'^^^''^ax{fxmTx)dX. 

If Re(/ii + X){vX) < for some X G Op and some inner point tx of the 
support of (f) then the contribution of v tends to zero as t — > 00 by bounded 
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convergence. Therefore we are left with the terms for those v only in which 
Refi{vX) = and ReA(fX) = for all A e ia*^. Choosing a generic X, we 
see that only those v contribute to the limit for which /ii and all A G za^ 
have purely imaginary values on vapi- Let us denote the set of such f by Vi. 

Let u G ici^/^ be the infinitesimal central character of a G 112 (Mi) as in 
the statement of the theorem. Then we have 

where U(M,Mi) denotes the set of embeddings Om — ^ induced by ele- 
ments of as in [TT], §1. Since X is in the span of the cocharacters of T, 
its image under v is in the span of the cocharacters of Ti. We may assume 
that Ti C Ml, so that Im(/ii + X){vX) = {u + X){vX) for all A G ial and 

(^P^L{expY,Tx)(t){Tx)dX 
= limy^^ y e'^'^-x-ux) f c,(A,t)e*"(^^-"^)0(r,)rfA. 

Since 0^,0 is smooth and compactly supported in A and depends polynomially 
on t, the term for given u and v tends to zero unless vX — uX vanishes 
on a^. Choosing X generic, we see that this condition has to be satisfied 
for all X G Oa/. Let V2 be the set of all v & Vi for which there exists 
u G t/(M, Ml) so that it is satisfied. It will then be satisfied for the whole 
coset uWm, which is all of U (M, Mi). By Lemma [H we have u G ia*i, so that 
the exponential term outside the integral disappears as well, and we get in 
the original notation 

$P,i(expF,rA)0(rA)c/A 

= 1™ E ^ / 4;i(^A,t;*(^i + X),tX + F)e(^^+^)(^^)0(r,) dX. 

The right-hand side is a polynomial in t, and from the existence of the limit 
it follows that it does not depend on t. The terms for various v are linearly 
independent as functions of Y, so each of them must be independent of t. 
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Since was an arbitrary smooth function of compact support in a neigh- 
bourhood of r, the asserted equahty follows. The definition of V2 can be 
rephrased as the condition on /i in the definition of i*(r'^, M). □ 

If we compare the expressions for $ p ^ (exp Y, a) given in Corollary [T] and 
Theorem [3l we can determine part of the coefficients c^*^. 

Example. In the example given at the end of the preceding section, let us 
specialise to the case that G Tcii(L). Then we have for all w G W^^ that 
wfi G t*((T, M) and 

4;i(a^^i;/x) = r^^(a)45*^H J] df,m S)mU^,w-'P n S). 

seC{M) 

In particular, 

7 Parabolic descent 

Weighted orbital integrals satisfy descent identities. If M C L are Levi 
subgroups of G and 7 G M(]R) fl G'rcg(IR), then according to equation (1.5) 
of [8] we have 

Jl(7,/)= E dtj{L,S)Ji,{j,fQ,), (14) 

5e£(M) 

where we can choose any Qs G V{S) for each 5*. We are going to prove 
parallel descent identities for the differential equations satisfied by the distri- 
butions Im and their Fourier transforms, for the standard solutions of those 
differential equations and for the coefficients in the expression of the Fourier 
transforms in terms of standard solutions. 

Proposition 1 Let M G L be Levi subgroups of G and T G M a maximal 
torus. Then, for all 7 G T(]R) fl G'rog(IR) and z G Z{q), we have 

dLh,z)= E df,{L,S)di,{^,zs). 

S£C{M) 

Proof. We change variables for Levi subgroups in favour of a more sys- 
tematic notation later in the proof and thus apply equation (|T^ to Levi 
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subgroups Ml C M containing T, viz. 

Jm{iJ)= ^m.(M,G0JS(7,/qo,). 

Gie£(Mi) 

Replacing / by zf and observing that {zf)Q^^ = zc^fq^^, we can apply 
equation ^ to the right-hand side, and with the transitivity of the Harish- 
Chandra homomorphism we get 

GieC{Mi) 5iG£Gi(Mi) 

If d^j^{M,Gi) ^ 0, then a^^ n a^/^ = and hence n af}^ = for Si G 
C^'{Mi). Given such Si and any s'e C{M)r]C{Si), we have cif^^(M, 5i) ^ 
if and only if 5* is the unique Levi subgroup such that af^^ = a*f^ © af}^ , and 
thus 

dZ^{M,Gi)= Y df,^{M,Si)dliS,Gi). (15) 
se£(M)n/:(5i) 

The Hasse diagram may help keeping track of the various inclusions. 

G 

S Gi 

M Si 

\ / 
Ml 

After changing the order of summation, the expression for Jm{1i zf) becomes 

Using the descent identity for weighted orbital integrals again, we get 
JM{l,zf)= E E dl,^{M,Si)dll^{^,zs,)Js{lJ). 

S&C{M) 5iG£S(Mi) 

Since the Theorem is trivially true for M-anisotropic groups G, we may in- 
ductively assume that it is true for G replaced by a proper Levi subgroup. 
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If we subtract the last equality from equation we see that all the terms 
with S ^ G cancel, and we are left with 

\ 5iG£{Mi) J 

If 7o G T{R) n Greg(K), then the stabiliser of 70 in Wt is trivial. Thus any 
smooth function in a sufficiently small neighbourhood of 70 in T is of the 
form Jg(7, /) for a function / G 7i(G), and our assertion follows. □ 

Next we consider the standard solutions of the system of differential equa- 
tions ffTTl) . We fix a parabolic subgroup P of G and a maximal torus T G P 
and denote again by C{P) the set of Levi subgroups of G containing the Levi 
component of P that contains T. 

Proposition 2 For all Levi subgroups M G L in C{P), Y G tp and any 
/i G t* that is P-minimal in its W-orbit, we have 

seC{M) 

Proof. Since the standard solutions depend holomorphically on fj, subject 
to the assumption of the Theorem, it suffices to consider regular n which 
take purely imaginary values on t(M). As in the preceding proof, we will 
change the notation (M, L) to (Mi,M). We may assume inductively that 
the Theorem is true for M replaced by any Levi subgroup L of G properly 
containing M. The basis of induction is a special case of the inductive step, 
as for M = G there are just no such L. 

Let z G kerx, where x is the infinitesimal character parametrised by fi. 
Then, for F G tp, 

seC{M) 

Let Ml G C{P) be a Levi subgroup of M. From Theorem [1] we get, after 
pull-back under the exponential map and meromorphic extension, 

dUY, zs) = ^i)^Aii(^' ^^1) = 0- 

5i6£'S'(Afi) 
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Starting with the pair M C G replaced by Levi subgroups Mi C Gi, we 
obtain for all Y G tpnd 



J2 d%{Y,zsJ^^s?'''{Y,f^). 

5ie£C;i(Mi) 

We restrict Y to the set tp, multiply the equation with d^,^^{M, Gi) and sum 
over all Gi G £(Mi). Using equation (fT5|) . we can introduce an additional 
summation over S G £(M) fl C{Si) just as in the proof of Theorem [TJ After 
changing the order of summation, we obtain the vanishing of 

5e£(Af)S'ie£S(Mi) GiG£(5i) 

Forming the difference with our earlier result, we get 

E E ^Mi(^'^i) 

y<dll{Y,zsjU^s{y,f^)- E dl{S,Gi)^^s?'''{Y,f,)\=0. 

\ Gie£(5i) / 

Due to the inductive assumption, all terms with S ^ M vanish. But when 

S = M and d^j_^{M, Si) 7^ 0, then Si = Mi, and we are left with 



\ Gie£(Mi) / 

A function on tp annihilated by all Zt for z G ker x is a linear combination 
of functions of the form e"''^*-^^ with w G if /i is regular. Under the further 
assumption on /i made at the beginning of the proof, these functions have 
absolute value 1 for Y G t(]R). For M ^ G, the expression in the brackets 
multiplied by e"'^^^-' tends to zero as F ^ 00 by definition of the standard 

solutions, so it must vanish identically. For M = G this is also true by 
definition. □ 

Finally, we turn to the coefficients in the expression f|T3|l of Fourier trans- 
forms in terms of standard solutions. We keep P and T fixed. 
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Proposition 3 Let U G and r G T^^^J^^'^^lL) , where L is a Levi subgroup 
of G. Then, for any Levi subgroups Mi G M in C{P), we have 

SeCiMi) w&W^\W^ 
wLcS 
/iet*(«;r'5) 

Proof. On one hand, we can plug in the descent formula from Theorem [2] 
into equation (fT3ll and get for Y E Up 

$M,L(expF,r)= E E E <(M,Si) 

xcJJ(r,/i)^™(F,/i). 

On the other hand, we can use the descent formula (4.3) of for the Fourier 
transforms of the invariant distributions Im, which reads in our notation 

Gie£(Afi) wGW^^\W^ 

wLcGi 

Here we plug in the analogue of equation (ITSi) . namely 

/iet*(u)rGi) Sie£'3i(jv/i) 
If we change the order of summation, we obtain 

<l>M,L(expr,r)= E E E ^M,(M,Gi) 

Atef(rG) 5i6£(Afi) GieCiSi) 

wLcGi 
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Next we plug in equation 0151) and change the order of summation once more. 
If we compare the two expressions for $Af,L(expy, r), we see that 



dkiM.S,: 
( 



\ 



GiG£(5i) 



V 



/iGt*(lUT°l) 



We may assume inductively that the Theorem is true with M replaced by a 
Levi subgroup 5* properly containing M. The basis of induction is a special 
case of the inductive step, as for M = G there are just no such 5*. Using the 
inductive assumption, we are left with the terms in which S = M and hence 
^1 = Ml, i. e. 



/iGi*(TG) 



Gie£(Mi) 



wLcGi 



X e 



0. 



We may again interpret the coefficients c as polynomials of the variable Y 
rather than differential operators on t^. Exponential functions with different 
exponents, multiplied by polynomials, are linearly independent on Up. □ 

Finally, we can deduce a version of the descent identity f|T3l) in which the 
roles of c and \l/ have been switched. 

Corollary 2 ForY e Up and r G T^'J^'^iL) as in Theorem\^ we have 
$M,L(expF,r)= E E E 

wLcS 
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To see this, we rewrite equation (fT^ for a Levi subgroups Si in place of M 

as 

/.gf(TG)Gie£(Si) 

and plug in the descent identity from Theorem [3] in the form 

CguL i^, /^) = Yl '^i ) Yl ^m^Sl («^^. /^) • 

MeC{Mi) w£W^'\W^ 

wLcM 

Here we plug in equation (fTSll and change the order of summation to obtain 

$Si,L(expr,r) = ^ Yl 

Mef(rG)5e£(5i) 

MeCS{Mi) weW^''\W^ 

wLcM 

GieC(Si) 

According to Theorem [21 the last line equals \l/f(y,/i). In the second line, 
we split the sum over w as 

Ev^ Pr\M,u I I \ 
wL^S w'wLcM 

and apply Theorem [3] with {G, M, S, L,t) replaced by {S, Si, M,wL,wt), 
which gives 

<^SuL{ewY,T)= E E E 4u^Liy^r,f^)^UY,f,). 

/.Gt*(TG) S£C{Si) w&W^\W^ 
wLcS 

Changing the order of summation and renaming to M, we obtain the 
assertion. 
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Example. If we specialise to a split maximal torus T = M = Mq in the 
example from the end of the preceding section, so that a is just a unitary 
character of T(M) with differential /i, then c!^rp(^a,wfi) = niMiwa, P) for all 
w e = W, and 

seCwew 

for Y E tp(M) and a E n{^^;^p%T). The version of this result for normalising 
factors r was stated as Theorem 7.2 in [15], where the contragredience sign 
on a was missing. 
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